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Abstract. A generalization of Lloyd’s quantum illumination to signal beams
described by two entangled photon states is developed. The protocol offers
a method to find the range of target, reduces the size of the required time
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1. Introduction
Lloyd’s Quantum illumination is a type 3 quantum sensing protocol that has
open a research area, quantum illumination, that promises to outperform efficiency
in target detection with respect to non-entangled and classical illumination schemes
[8, 7]. Lloyd’s quantum illumination was the first type 3 quantum sensing protocol
robust against total loss of entanglement. The protocol relies on several heritage
correlations between the idler and the signal state that survive the annihilation of
entanglement, together with specific characteristic of the signal state (large time
band-width product).
However, also from its inception, many important limitations and problems with
the practical and theoretical stand have been understood to happen generically
in quantum illumination protocols [13]. Such investigations have raised doubts
on the perspectives of realistic implementations of quantum radar using quantum
illumination protocols. Let us mention that among the several problems of the
implementation in realistic radar technological scenarios, one fundamental problem
is the range problem: quantum illumination requires previous knowledge of the
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target range. This fact limits the applications of quantum illumination in the
ambit of target detection to scanning prototypes.
Several interesting suggestions to overcome the range problem have been con-
sidered. For instance, L- Maccone and C. Ren have suggested the use of beams
composed by N -photon entangled states as signal beams. In this way, a maximum
advantage that depends on
√
N respect to non-entangled light is obtained [11].
Although the protocol provides a method to solve the range problem, the current
form of the protocol is very sensitive to environmental noise and to loses.
We discuss in this paper a theoretical generalization of Lloyd’s protocol to the
case where the signal beam is composed by two entangled photon states. A three
entangled photon state is created by three generation through a four photon non-
linear interaction [6]. The state is divided in idler state, that contains one photon,
and signal state, that contains two photons. The three photons in each state are
correlated in time of generation (ideally), in frequencies and in linear momenta.
Then the signal is sent to explore a given region and the idler is retained in the
receiver system. When the returned signal is detected, it is correlated with the still
retained idler. Since there are two photons that are detected at the same time,
one haa a higher precision of when the photons coming from the scattering arrive
to the target, instead of arriving noise photons. This higher sensitivity serves to
identified the possible brother idler photon from the original entangled state with
higher precision too.
The protocol is robust against entanglement loss, because it only uses the her-
itage correlations in time and energy from the original three photon states. The
protocol is robust against environmental noise, for the same reasons than Lloyd’s
quantum illumination. Furthermore, the method of Maccone and Ren to obtain
the range of the target can also be applied, solving the range problem. A similar
method (coincidence detection) to obtain the range of the target has been used
by England et al. [5] in their experiments on Lloyd’s quantum illumination under
related assumptions.
Finally, let us mention that our protocol requires a shorter time bandwidth
product to effectively produce the same quantum enhancement in signal to noise
ratio than in Lloyd’s quantum illumination, in the domain of low signal to noise
ratios.
2. Quantum illumination with multiple entangled photons
We describe below a new protocol for a quantum radar which is resilient to
thermal noise and provides a method for obtaining the target range.
2.1. Lloyd’s quantum illumination using multiple entangled signals beams.
We will consider here the case where the back-ground noise NB is small and the
time-bandwidth product M is large, as in the original analysis from Lloyd [8]. This
has the advantage of simplifying the treatment.
The generation of the idler and signal beams are as follows. We first consider
a state of the form (using a sum on k to refer to the corresponding mode with
wavevector ~k),
|ψ〉3 = 1√
M
M∑
α=1
aˆ†(ω1(α), ~k1(α)) aˆ
†(ω2(α), ~k2(α)) aˆ
†(ω3(α), ~k3(α)) |0〉,(2.1)
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where α = 1, ...,M indicates the modes of the states. This photon state can be
obtained by four interaction linear optics. The photons 1, 2, 3 are correlated
in time (they are generated at the same time), but they also are correlated in
frequencies by the relation ω0 = ω1 + ω2 + ω3 and in momentum, by the relation
~~k0 = ~ ~k1 + ~~k2 + ~~k3 (see for instance, [6], section 13.4), where (ωo, ~~k0) are the
frequency and momentum of the pump beam.
The initial beam can be transformed by an unitary operator U = I1 ⊗ I2 ⊗
U3(
~k3
‖~k3‖
→ ~k′ = ~k2
‖~k2‖
) to prepare the sates in the form
|˜ψ〉3 =
1√
M
M∑
α=1
aˆ†(ω1(α), ~k1(α)) aˆ
†(ω2(α), ~k2(α)) aˆ
†(ω3(α), ~k
′
2(α)) |0〉,(2.2)
where two of the photons have parallel momenta ~k2 ‖~k′2. After this preparation,
the beam is splitted into two beams: the idler beam, which is composed by photons
with momentum (ω1, ~k1), and the signal beam, which is composed by states with
two photons with momentum (ω2, ~k2).
Independently of the methodology followed for the preparation of the beams in
the required form, after the preparation and splitting of the beam, none of the
photon states composing the idler beam and none of the states composing the
signal beam are entangled anymore. However, the following correlations persists
even after the loss of entanglement:
• Time correlation in the generation of the three photons,
• The photons on each state exhibit correlations in energy,
ω0 = ω1(α) + ω2(α) + ω3(α), α = 1, ...,M(2.3)
and correlation in momentum,
~~k0 = ~ ~k1(α) + ~~k2(α) + ~~k
′
2(α), α = 1, ...,M.(2.4)
Assuming the above framework for the generation and preparation of the idler
and signal beams, let us analyze the case of detection for quantum illumination and
single photon state illumination. The signal state is denoted by ρ˜2, while the idler
state is denoted by ρ˜1. They can be both mixed states. The noise is described by
the state ρ0 given by
ρ0 ≈
(1 − MB NB)|0〉〈0|+ NB
MB∑
β=1
|a†(ω(β), ~k(β))|0〉 〈0|a(ω(β), ~k(β))|
 .
where the index β = 1, ...,MB indicates the possible noise spectra spectNoise :=
{~k ∈ Noise}; MB is the number of modes of the noise. This is the noise quantum
state used in Lloyd’s theory (see the expression (A.1) in Appendix A). Let us
remark here that for the signal beam it is collimated such that the wavevectors of
the photons 2 and 3 are in the spectra of the noise,
~k2(α), ~k
′
2(α) ∈ {~k ∈ Noise}, α = 1, ...,M.
Thus for all practical purposes, one can take the index α and the index β as identical.
Given the structure of the signal beam and the underlying correlations keep with
the idler beam, the criteria that we can follow for a positive detection is formulated
as follows:
Criterion for positive detection:We declare that the target is present if two
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photons in the spectrum range of the signal are detected back within an established
time window at the same time than an idler photon is detected together in a joint
measurement of the idler and signal beam and if the correlation relations (2.3) and
(2.4) hold good.
By joint measurement we mean here the following: once two photons are de-
tected, one should compare the possible measurement (ideally, in a short time after
the measurement is perfomed) with the corresponding idler photon. This requires
to track when the idler photons are generated and for how long they stay in the
receiver. Note that we are speaking of a theoretical protocol. In this context, let us
note that other methods for reception can be used, as for instance hybrid methods,
that do not require to keep the idler alive [2, 10].
The notion of time window must be adapted to the particularities of the given
experimental situations. It cannot be too large to avoid confusion with uncorrelated
photons. This imposes a constrain on the operation characteristics of the direct
photo detection device used and the available maximal range of detection. On
the other side, the time window detection cannot be too short to miss entangled
photons. Indeed, the generation process of three entangled photons imply a lower
value for the time window of detection precision: if the generation time is within
an interval δt and the time of exposition is ∆t, then it is necessary that ∆t > δt.
Also, corrections due to the pass by media with different refraction index for the
idler and signal beam must be considered.
2.2. Enhancement of the signal to noise ratio. In the following we evaluate the
signal to noise ratio for non-entangled illumination and for quantum illumination
with multiple entangled photon states as signal. The procedure what we will follow
mimics the treatment as in LLoyd’s theory [8].
A. Illumination with non-entangled light. When the target is not there and
the illumination is done with non-entangled light, the quantum states are described
by a density matrix ρ0. The probability of false positive can be read directly from
the structure of the state and, by the criteria of detection discussed above, it is the
probability of detecting two photons in the same time window. Therefore, in the
case of low brightness environment (NB << 1), the probability of false positive is
determined by the criteria of detection of two photons with the required energies
ω2, ω3 and momenta ~k2, ~k
′
2 ∈ spectNoise and is given by the expression
p0(+) = (NB)
2,(2.5)
where independent detection of two photons has been considered.
When the target is there, and under the same assumptions, the state is given by
the density matrix
ρ1 = (1 − η)ρ0 + ηρ˜
≈ (1 − η)
(1− MBNB)|0〉〈0|+ NB
MB∑
β=1
|a†(ω(β), ~k(β))|0〉 〈0|a(ω(β), ~k(β))|
+ η ρ˜,
where ρ˜ stands for the state describing the signal when using non-entangled light.
The probability for the detection the arrival of two simultaneous photons is in this
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case of the form
p1(+) = ((1− η)NB + η)2(2.6)
The signal to noise ratio (SNR) in quantum illumination with two signal state
photons when the illumination is performed with non-entangled light is given by
the expression
SNRCI2P =
p1(+)
p0(+)
=
(
(1− η)NB + η
NB
)2
.(2.7)
One observes that this signal to noise ratio SNRCI2P is given by the square of the
signal to noise ratio SNRCI in Lloyd’s theory (expression (A.8) in Appendix A).
This is a natural consequence of the methodology followed. Therefore, when the
signal to noise ratio is low (SNRCI2P is small than 1), then there is a reduction in
sensitivity respect to the original Lloyd’s theory in the regime SNRCI < 1.
B. Illumination with three photons entangled light. When there is no target
there, the state noise-idler is described by the density matrix ρ˜e0 and it has the form
ρ˜e0 ≈
(1 − MBNB)|0〉〈0|+ NB
MB∑
β=1
|a†(ω(β), ~k(β))|0〉 〈0|a(ω(β), ~k(β))|
 ⊗ ρ˜1.
The probability of a false positive is the probability to attribute to the presence
of the target and the detection of two simultaneous returned photons. Within
the scope of the approximations that we are considering, such a probability is
independent of the details of the signal state and given by the expression
pe0(+) =
(
NB
M
)2
.(2.8)
This relation shows an enhancement respect to the analogous relation in Lloyd’s
quantum illumination protocol (eq. (A.10) in Appendix).
When the target is there, the state after decoherence and interaction signal-target
is of the form
ρ˜e1 = (1− η) · ρ˜e0 + η ρ˜2.
By a similar argument as in Lloyd’s theory, the probability of detection using
entangled light signal states when the target is there for one trial is
pe1(+) =
(
(1− η) NB
M
+ η
)2
.(2.9)
The signal to noise ratio is of the form
SNReQI2R =
pe1(+)
pe0(+)
=
(
M
NB
)2 (
(1 − η)NB
M
+ η
)2
,(2.10)
which is the square of the signal to noise ratio obtained for Lloyd’s quantum illu-
mination in the analogous case, equation (A.15).
In the regime when the signal to noise ratio is low, expression (2.10) implies two
different types of phenomena. The first is an enhancement from the use of quantum
entangled states respect to non-entangled states, analogous result to Lloyd’s theory.
The second phenomenon is a reduction of enhancement respect to Lloyd’s quantum
illumination in the low sinal to noise ratio regime.
Furthermore, in the regime of low signal to noise ratio, in the sense that it is less
than 1, there could be a reduction in the time bandwidth product needed to reach
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the same advantage in SNR than in Lloyd’s quantum illumination. Let us compare
the SNReQI2R of multiple entangle photon illumination (2.10) with the SNR
e
QI in
Lloyd’s quantum illumination (A.15). If both are to be of the same order, then we
will have the expression
SNReQI2R =
(
M
NB
)2 (
(1− η)NB
M
+ η
)2
=
M ′
NB
(
(1 − η)NB
M ′
+ η
)
= SNReQI ,
where M and M ′ are a priori different. In Lloyd’s theory, the condition of low SNR
is ηM ′/NB < 1. Thus the comparison between SNR
e
QI2R and SNR
e
QI2R in the
regime η << 1 leads to the relations(
M
NB
) (
(1 − η) + η M
NB
)2
=
(
(1− η) + η M
′
NB
)
≈
(
1 + η
M ′
NB
)
≥ 2η M
′
NB
,
or comparing the first and last expressions,
M
(
1 + η
M
NB
)2
≥ 2ηM ′.(2.11)
If this condition is consistent with a reduction of the time band-width product in
the sense that M ′ > M , then the condition becomes
22M ≥M
(
1 +
M ′
NB
)
≥ 2 ηM ′ ≥ 2ηM,
which is equivalent to the condition
1 ≥ η
2
.
This condition, in the low reflective regime η << 1, always hold. This proves the
existence of a regime where the comparison (2.11) holds good and where there is
a reduction M ′ < M in the required time band-with product when using multiple
entangled photons quantum illumination with respect to Lloyd’s protocol.
2.3. Determination of the range and transverse position using quantum
illumination with two signal photons states. If the target is small enough in
the sense that the surface can be considered smooth and regular without drastic
changes, by the criterion for the detection discussed above, the target is declared
detected if two individual photons with the same frequency and momenta are de-
tected within the same detection time window. Under the further assumption that
there is only a pair of photons on fly, the detection of a pair of correlated photons
provides a measure also of t− t0 in an analogous way to Maccone-Ren’s theory and
hence, it determines the range by the expression
rz = c
1
2
(t1 − t0 + t2 − t0))(2.12)
where t1 and t2 are arrival times and t0 is the time of emission. The measurement
of the location of the two photons determines the transverse location of the target
as the average location of the photons arrivals.
The reduction in the probability of error is enhanced by the correlation with the
idler beam.
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3. Discussion
This paper is a first step towards a more complete theory of quantum illumination
with signal beams composed by quantum states with several entangled photons. As
such first step, we have discussed in the most basic form the protocol, showing two
fundamental benefits respect to the equivalent protocol in quantum illumination,
namely, 1. The requirement of a lower time band-width product in the bad regime
respect to Lloyd’s quantum illumination and 2. A methodology to obtain the target
range.
Regarding the implementation of the protocol for radar systems, several problems
remain to be addressed. The first one to mention is the difficulty in the generation
of the required states for the protocol. Three photons generation is an arduous
task [3, 4, 6]. However, the fact that it is possible to generate usable beams for
quantum illumination by means of four wave mixing generation as demonstrated
by [5], provides arguments in favour of the possibility of the related three photon
generation from four photon interactions [6]. Many details should be clarified before
to have a pertinent source of states.
Second, in order to be able to use quantum illumination with two photon states
signal beams, the signal beam must be in the microwave regime. However, the
original generated entangled state |ψ3〉 does not need to correspond to a microwave
photon state, because existing current frequency conversion methods (either electro-
optomechanical converter [1] can be applied from optical to microwave. The use
of Josephson parametric amplification (JPA) is an alternative to the laboratory
generation of microwave entangled photons, but currently it is difficult to find a
JPA mechanism capable to generate three photons entangled states. Furthermore,
the application of such methods will reduce the efficiency.
For the problem of the storage of the idler and the recognition of the beam, a
combination of the methods in quantum illumination as introduced in [2, 10, 9]
with the high correlation of detecting two signal photons with the appropriate
characteristics can provide alternative solution to the problem.
Lloyd’s quantum illumination did not offer theoretical advantage in sensitivity
over theoretical protocols based upon coherent light illumination [12]. However, the
important benefits that the new protocol discussed here has makes it potentially
useful in future implementations. Better understanding of the protocol advantages
is required. In this direction a natural next step in the development of the theory
should be related with investigate the Gaussian version of the protocol, on the lines
as Gaussian quantum illumination [14]. In particular, we expect that, as in the
case of Gaussian quantum illumination, the new protocol will show advantage in
probability of detection over coherent light detection protocols.
Appendix A. Enhancement of sensitivity in Lloyd’s quantum
illumination: an illustrative example
In the following lines we discus in detail some aspects of Lloyd’s theoretical
protocol [8]. We partially follow the exposition described in [7]. As it is commonly
used, hypothesis 0 means that the target is not there, while when the target is
there, the hypothesis is labeled by 1.
A. Non-entangled light illumination. When the light used for experiments is
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described by non-entangled photons, the density matrix of the system idler-signal-
noise, when the target is not there (hypothesis 0) is
ρ0 ≈
{
(1− M NB)|0〉〈0|+ NB
M∑
n=1
|k〉n〈k|n
}
,(A.1)
where |k〉n stands for a noise photon mode. Hence the probability of a false positive
is
p0(+) = NB,(A.2)
while the probability to be correct in the forecast that the target is not there is
p0(−) = 1− p0(+) = 1−NB.(A.3)
If we repeat the experiment m times, the probability of a false positive is
p0(+,M) = (NB)
M .
If the target is there (hypothesis 1), then the density matrix is given by
ρ1 = (1− η)ρ0 + ηρ˜(A.4)
≈ (1− η)
{
(1 − MNB)|0〉〈0|+ NB
M∑
n=1
|k〉n〈k|n
}
+ η |ψ〉s〈ψ|s,(A.5)
where |ψ〉s stands for the state describing the signal, that one can assume first is a
pure state, while η is the reflective index. It follows that the probability to measure
the arrival of photon is
p1(+) = (1− η)NB + η(A.6)
and that consequently, the probability of false negative is
p1(−) = 1− p1(+) = 1− ((1 − η)NB + η) = (1− η)(1 −NB).(A.7)
The signal to noise ratio is given by the expression
SNRCI =
p1(+)
p0(+)
=
((1 − η)NB + η)
(NB)
.(A.8)
B. Entangled light illumination. Let us now consider the case when the illumi-
nation is made using entangled states. For the case when there is no target there,
the density matrix is given by the expression
ρe0 ≈
{
(1− MNB)|0〉〈0|+ NB
M∑
n=1
|k〉n〈k|n
}
⊗
(
1
M
M∑
n=1
|k〉A〈k|A
)
,(A.9)
where 1
M
∑M
k=1 |k〉A〈k|A is the state of the idler. The state
ρ0 =
{
(1− MNB)|0〉〈0|+ NB
M∑
n=1
|k〉n〈k|n
}
is the state that will describe the absence of the target. It determines the proba-
bility distributions to detect one photon due to noise only. The modes determining
the idler k = 1, ...,M are selected to coincide with the modes of the noise. In
this context, it is remarkable that the false positive probability for one individual
detection,
pe0(+) =
NB
M
(A.10)
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is dramatically reduced with the number of modes M . This was first highlighted
by S. Lloyd in his seminal work [8]. The probability of forecasting correctly the
absence of the target is given by the probability of the complement,
pe0(−) = 1−
NB
M
.(A.11)
Note than when the experiment is repeated a number m of times in a independent
way, the probability of a false positive after detecting m independent photons is
pe0(+,m) =
(
NB
M
)m
.
In the case that the target is there, for entangled states, the system idler-noise-
signal is described by a density matrix of the form
ρe1 = (1− η) · ρe0 + η ρs,(A.12)
where ρs is the density matrix of the signal photon system. From this expression,
one can extract the probability of detecting the target is
pe1(+) = (1 − η)
NB
M
+ η.(A.13)
The probability of no detection (interpreted as a false negative) is of the form
pe1(−) = 1− pe1(+) = (1−
NB
M
) (1 − η).(A.14)
When applied m independent experiments, the probability of right detection is
pe1(+,m) =
(
(1 − η) NB
M
+ η
)m
For the case of false negative,
pe1(−,m) = 1− pe1(+) = (1−
NB
M
)m (1 − η)m.
SNReQI =
pe1(+)
pe0(+)
=
(
M
NB
) (
(1− η)NB
M
+ η
)
,(A.15)
From the above formulae and comparing the probabilities of false positive and
detection using quantum enhancement respect to classical light, one observes a clear
enhancement in sensitive when using quantum illumination [8]. Further details of
the analysis of how the sensitivity enhancement arises using Lloyd’s protocol can
be found summarized in [8] and in [7], section 5.5.3.
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